We prove a gravitational lensing theorem: the magnification of a source of uniform brightness by a foreground spherical lens is µ = 1 + π(2R 2 E − R 2 L )/A, where A is the area of the source and R E and R L are the Einstein radius and size of the lens projected into the source plane; this provides an accurate approximation to the exact magnification for R 2 L , R 2 E ≪ A. Remarkably, this result is independent of the shape of the source or position of the lens (except near the edges). We show that this formula can be generalized to include limb-darkening of a circular source by simply inserting the surface-brightness at the position of the foreground object (divided by the average surfacebrightness of the star). We also show that similar formulae apply for a point-mass lens contained in a shear field and mass sheet, and for an ensemble of point masses as long as the Einstein radii are much smaller than the source size. This theorem may be used to compute transit or microlensing lightcurves for which the foreground star or planet has a size and Einstein radius much smaller than the background star.
INTRODUCTION
With the advent of sensitive large-area synoptic surveys of the sky, it may be possible in the near future to detect non-accreting compact objects in binaries via gravitational lensing during transit of the companion stars, either main-sequence or white dwarf (Maeder 1973; Marsh 2001; Agol 2002; Beskin and Tuntsov 2002; Sahu and Gilliland 2002) . The problem of modeling the lightcurve of a transiting star has been solved for a uniform source by Agol (2002) , while a limb-darkened source requires numerical integration (Agol 2002; Sahu and Gilliland 2002) . A related problem occurs in the search for planetary companions of stars via perturbations to microlensing lightcurves which requires numerical solution for the planetary perturbation. Here we prove a theorem that the solid angle added by a lens star is equal to 2π times the square of the angular Einstein radius for lensing of a source which has an angular size much larger than angular Einstein radius of the lens ( §2). We analytically compute the transit lightcurve of a compact object in front of uniform star, including eclipse by the lens ( §3), which we use to derive the lightcurve for a limb-darkened source star ( §4), which we generalize to a lens with shear and convergence ( §5) as well as the case of multiple lenses in front of a large source ( §6), and finally we apply these formulae to several astrophysical problems ( §6). Capitalized R's, such as the Einstein radius,
, are in units of angular size, while lower-case r's, such the source size r * , are in units of R E , r * = R * /R E , where D L and D S are distances to the lens and source and M is the lens mass.
MAGNIFICATION OF A LARGE SOURCE
We show first that the magnification of a large uniform source is approximately constant when the lens is in front of and away from the edges of the source. The lens equation normalized to R E is y = x − 1/x where y is the source position and x is the image position. In the case of a lens in front of a uniform source of radius R * for which R E ≪ R * and for which the closest distance of the lens to the edge of the source is much smaller than the Einstein radius, then y much larger than unity. The magnification is the area contained within the outer lensed image divided the unlensed area, so x ∼ y + 1/y is large as well (the area within the inner image should in principle be subtracted off, but it is of order y −2 so that it can be ignored). Thus, the magnification is given by
where x is the distance to the images located at a position angle φ relative to the lens center (see Figure 1) and A is the area of the source in units of R 
Now, 1 2 y 2 dφ is simply the differential area of the unlensed source, so the integral of this term gives A. The remaining term is dφ which means that the additional area due to lensing is constant per differential angle. Figure 1 shows two shaded regions between the source and image boundaries subtended by the same angle δφ. These shaded regions represent the extra solid angle added by lensing. Despite their different shape, the two regions have the same area to order y −2 . This is simply due to the fact that more distant points y have smaller displacements ∆y ∼ 1/y so that the total area, dA = ydφ∆y ∼ dφ is simply equal to the subtended angle, independent of the distance to the boundary or shape of the boundary. Thus, the total of the extra area is simply 2π (in units of R 2 E ) independent of the size or shape of the source or the position of the lens (as long as it is away from the edges). The maximum area added is equal to 2π since for sources small compared to an Einstein radius, r * ≪ 1, the extra 1 Chandra Fellow 2 California Institute of Technology, Mail Code 130-33, Pasadena, CA 91125 USA; agol@tapir.caltech.edu 1 Agol area is 2πr * ≪ 2π (however, the magnification is larger for small sources since the unlensed flux is proportional to r 2 * ). So the total magnification for a large source then becomes
Maeder (1973) has derived a similar result for the special case of a circular source. So we have proved that the magnification of a lens in front of a large source is constant to order y −2 min , where y min is the shortest distance of the center of the lens to the edge of the source in units of R E . This creates a lightcurve which looks like a top hat.
For a circular source, A = πr 2 * = π(R * /R E ) 2 , so µ e = 1 + 2(R E /R * ) 2 . When the lens is outside of the source, one can show that there is no extra magnification (the area is the difference of the inner and outer images of the source, so the factor of 2 cancels when taking the difference), so to a good approximation the magnification is simply
where z is the position of the lens with respect to the origin of the circular source and R L is the angular size of the lens star.
FIG. 1.-Magnification of a large source by a lens with small Einstein radius. The dotted line is a circle with radius R E (or unity in normalized units). The dashed line is the boundary of the unlensed source, while the solid line is the boundary of the lensed source.
MAGNIFICATION OF A LARGE SOURCE NEAR THE EDGE
To compute the magnification of an extended source near the edge, we cannot ignore the x −2 term in the squared lensing equation, so we must include the distortion of the edge of the star. In the case of a large circular star, R * ≫ R E , the edge can be approximated as a straight line and the change in magnification is simply the extra area enclosed by the image of this line. Figure 2 shows the geometry of a line being lensed by a point-mass lens. As the lens approaches the line, it is distorted outward, curving around the Einstein ring. The inner image of the line grows inside the Einstein ring, filling half of the Einstein ring when the line crosses the origin. Then, as the line crosses to the other side, the pattern repeats itself as the line recedes from the center of the disk. This creates a symmetry about the point at which the lens sits on the limb of a large source. The magnification is given by
where
. This approximates the exact magnification quite well in the large-source limit. Unfortunately, this expression is complicated enough that we cannot integrate it over limb-darkening analytically. (5) with the exact equations from Agol (2002) . For smaller source size, the edge has a Napoleonic bicorne shape, while larger sources look more like a tophat. The straight-edge approximation improves as the source becomes larger, and approaches a step function as R * /R E → ∞. The horizontal axis is the separation of the lens and source in units of the source radius. The curves are labeled by the value of R * /R E , while the dotted line is equation (4). The magnification plotted is subtracted from unity and multiplied by (R * /R E ) 2 for better comparison between the various source sizes.
When the lens has a finite size, r L = R L /R E > 0, the obscuration of the images by the lens gives
If an observed microlensing (or occultation) event of a uniform source has a maximum depth given by δµ max , and if the limbdarkening function is known, then the measured depth can be fit by any R L = 2R 2 E − δµ max R 2 * 1/2 . However, the lightcurve near the edge of the source depends differently on R E and R L . In Figure 4 , we show lightcurves near the edge computed from equation 6 which have the same δµ max , but have different ratios of R E /R * and R L /R * . The cases with larger Einstein radii have a larger magnification and dip near the edge than the pure occultation case. The peak in δµ corresponds to the point at which the image outside of the Einstein radius is first occulted, at which point z − r * = r L − 1/r L for r L > 1. At this point, the magnification is
In the limit that r * ≫ r L ≫ 1, this reduces to δµ peak = 4
L , which becomes small rapidly. In principle this can be used to break the degeneracy between R E and R L since the maximum magnfication has a different dependence on these quantitities.
LENSING OF A LARGE LIMB-DARKENED SOURCE
When limb-darkening is included using the parameterization
1/2 , the magnification outside of eclipse is decreased slightly due to the darker limb, while the dip within the eclipse disappears since the dip becomes larger as the lens covers the brighter regions of the star (Figure 4 ). These deviations may be useful for distinguishing a brown dwarf from a planetary transit, or a close white dwarf from a terrestrial planet. In the case of a limb-darkened star, we must integrate the magnification for a uniform source over the limb-darkened profile of the star. The magnification of a limb-darkened source is approximately
is the total flux of the source star and δµ e (R) = µ e (R)
Since δµ e R 2 is simply proportional to the step function, its derivative is the delta function. Integrating over this delta function picks out the surface brightness at the position of the lens. We finally find that
where I = F 0 /(πR 2 * ) and we have added in occultation by the foreground star. It is remarkable that although the magnification involves integrating over the surface of the entire star, it ends up depending only on the surface brightness underneath the lens! This results from the fact that the microlensing amplification of a point source becomes infinite for an exactly aligned source, which may be approximated as a delta function. Figure 5 shows a comparison of this approximation with exact lightcurves. The agreement between the approximate lightcurves and exact lightcurves away from the edges is astoundingly good, especially considering that the analytic approximation involves a great deal less computational time. This formula gives a very good approximation to the magnification of a source with arbitrary limb-darkening for R E < 0.1R * . 
MAGNIFICATION OF A LARGE SOURCE BY A CHANG-REFSDAL LENS
We now generalize the theorem to the case of a point-mass lens embedded in a field with constant shear and convergence. A shear field distorts circles into ellipses, while a convergence field simply expands the size of a source, and since lensing by a point mass creates extra area equal to 2π independent of source size or shape, one might expect that the constant magnification should still apply. The Chang-Refsdal lensing equation is
where x = (x 1 , x 2 ) and y = (y 1 , y 2 ) are the image and source coordinates, respectively, κ is the convergence or normalized surface density, and γ is the shear (Schneider, Ehlers & Falco 1992) . The coordinates have been chosen such that the shear axes lie along the coordinate axes. Now, the area of the image is given by the closed integral A x = 1 2 x × dl x , where dl x is the line element for the contour described by x, and similarly for the source replacing x with y. One can use the lens equation (10) to find the zeroth order solution for x which amounts to neglecting bending by the lens
(11) Then, the bending angle can be approximated as x/(x 2 01 + x 2 02 ), giving a first-order solution
. Using this solution, one can compute the area of the lensed image, A x . For a lens at the origin, the magnification is
. This is a generalization of the formula in Gould and Gaucherel (1997) which was derived for κ = 0. For a lens located off of the origin, it can be shown numerically that the magnification is approximately constant for a lens within a large source, and then approaches µ 0 outside of the source, so the extra magnification can be multiplied by a step function as in the point-mass case, and the specific intensity can be included as well. This gives
Figure 6 shows a comparison of lightcurves for a Chang-Refsdal lens passing in front of a source of size r * = 10 for different values of κ and γ. Note that if |1 − κ| < γ, then the lightcurve is unperturbed. The magnification differs strongly near the edges due to the presence of caustics, but otherwise does an excellent job of describing the microlensing. (14). In each case the lens starts at the center of the source and moves at a 45 • angle with respect to the lensing axes as determined by the direction of the shear.
MAGNIFICATION OF A LARGE SOURCE BY MANY LENSES
We next generalize the theorem to the case of lensing by a distribution of point masses. In this case the normalized lens equation is
where m i is the fraction of the total mass in each lens ( i m i = 1) and x i is the position of each lens. As in the single-lens case, we can square this equation, disregard terms of order x −2 , and rearrange terms to give
This looks similar to the single-lens case except for the extra term which appears since each lens is not at the center of the coordinate system. One can approximate x ∼ y and then carry out the integral over the last term. In the case of a circular source, this term gives zero. So, we end up deriving the same result as in the single-lens case, equation (4), the only difference is that the Einstein radius is determined by the sum of all masses in front of the lens; the condition R E ≪ R * must still hold. Now consider a random star field with a surface number density of stars n * . The lensing optical depth is defined as τ * = πR 2 E * n * , where R E * is the Einstein radius for each star. The mean number of stars in front of a large source is then N * = n * πR 2 * , so if R E = √ N * R E * ≪ R * , or τ * ≪ 1, then we can apply the above result to find the mean magnification: µ = 1 + 2τ * . Of course, a random distribution of stars will create Poisson fluctuations in the number of stars in front of the source. Thus, the standard deviation of the magnification for an ensemble of star fields is σ µ = 2 √ τ * R E * /R * . This result has already been derived by Refsdal and Stabell (1991) using a different computational technique.
APPLICATIONS
The formulae derived here will be useful for discovering compact objects in eclipsing binaries. A measurement of lensing during a transit by a compact object of a companion star places a constraint on the lens mass (Sahu and Gilliland 2002; Beskin and Tuntsov 2002) . Brown dwarfs (BD), white dwarfs (WD), black holes (BH), and neutron stars (NS) in binaries of semi-major axis a each have Einstein radii, R E = √ 4GMc −2 a, much smaller than the size of a companion main-sequence star (MS) for a ∼ 1 AU and M ∼ 1M ⊙ , and thus the approximation of equation (9) will apply. Figure 8 shows an example lightcurve of a white dwarf orbiting a main sequence star for M W D = 0.7M ⊙ , M MS = 1M ⊙ , a = 0.1 AU, t W D = 10 Gyr, γ 1 = 0.6, γ 2 = 0, and the observer in the equatorial plane of the binary. In the upper left panel, the analytic approximation (equation 9) is plotted as a dotted line, which is barely distinguishable from the exact lightcurve (solid line). The transit/eclipse duration is about 3 hours. There is slight tidal distortion of the mainsequence star with an amplitude of ∼ 5 × 10 −5 and sinusoidal dependence of twice the frequency of the binary. In this particular example, r L = 1 and r S = 88, or the Einstein radius is R E = 0.011R ⊙ . The V-band magnitude of the WD is M V,W D = 17, while the MS star is M V,MS = 4.8, which makes the eclipse of the white dwarf by the main-sequence star (at 160 hours) rather faint. The maximum deviation of the lightcurve is to be ∼ 8 × 10 −5 , this is modified somewhat due to limb-darkening. To detect such a transit requires better than 0.01 millimagnitude sensitivity over several hours, which is a requirement that should be met by the planned Kepler and Eddington missions. A simple estimate of the size of the lensing signal can be made in the limit that the size of the lensing object can be neglected (usually the case for neutron stars, black holes, and white dwarfs with large semi-major axes). The extra flux caused by lensing is simply 2r −2 * F (neglecting limb-darkening), where F is the flux of the unlensed companion star. The duration of transits is of order 2R E /v, where v is the relative velocity of the binary, while the number of transits scales as T obs /P = T obs v/(2πa), where T obs is the total observing time (assumed to be much larger than the period of the binary and the monitoring is assumed to be continuous), a is the semi-major axis of the binary (assumed to be circular). Then the total fluence added by the lensing is equal to the lensing flux times the transit duration times the number of transits, or
where R g = GM CO /c 2 is the gravitational radius of the lensing compact object. Remarkably, any dependence on the semi-major axis or mass of the main-sequence star has disappeared! This is due to the fact that more distant binaries have a larger flux signal and longer transit duration, but fewer transits during a given experiment duration. Since E = FT obs is the fluence of the unlensed star, the total signal is δE
where m is the mass of the lensing, compact object in solar masses and R * ⊙ is the radius of the main-sequence star in units of solar radii. This relation suggests a technique for measuring the mass of the eclipsing object: first, estimate the radius of the main-sequence companion via spectral or photometric modeling (the distance can be unknown), and then measure δE/E to derive m = 2 × 10 5 R * ,⊙ δE/E. The foregoing formula is only true for an equatorial transit of a main-sequence star in a band which is not limb-darkened. Including limb-darkening and a non-equatorial transit, one finds δE
where x = √ 1 − b 2 , b is the minimum impact parameter of the lens with respect to the center of the source star in units of R * , I line is the mean surface brightness of the source along the path of the lens, and I disk is the mean surface brightness of the source. For quadratic limb-darkening, we find
If R * and γ 1 , γ 2 are known from, say, modeling of the spectrum of the main-sequence star, then equation 19 has two unknowns, b (or x) and M CO . Another equation can be obtained from the ratio of the duration of the transit, t transit , to the period of the orbit, P. Since P depends on the semi-major axis, which depends on the masses of both stars, one finds Mandel & Agol (2002) for the occultation case). Uncertainties in M * , R * , γ 1 , and γ 2 will contribute to uncertainty in M CO and b. Another technique for finding b relies on measuring the difference of the transit depth in different bands. Figure 7 shows the ratio of H(b) for the V and I bands as a function of impact parameter for a solar-type star. The variation is nearly a factor of 3 for b ranging between 0 and 1. Given this ratio, x may be solved for using the quadratic equation in x determined by equating the functions 20 for V and I with the observed value. The value of b measured from this relation can then be used to estimate H(b) and determine R g /R * . The transit detection probability is R * /a, from which we can estimate the fraction of binaries for which transits can be detected assuming the the required fluence sensitivity can be achieved. This is considered in detail for WD-MS binaries by Farmer and Agol (2003) who find that > 10 2 such systems might be found with the Kepler and Eddington missions, and for WD-WD, WD-NS, WD-BH binaries by Beskin and Tuntsov (2002) . Here we make some general considerations for the detection of NS-MS and BH-MS binaries. For the binary to not accrete, the main-sequence star must have a size smaller than the Roche-lobe size, R L , by some factor f R = R * /R L . To a good approximation, the Roche-lobe is given by R L = 0.5a f
−1 and the CO subscript stands for compact object (Pringle & Wade 1985) . Typically, binaries show a distribution of semi-major axes which is constant in ln a, which we assume to be the case from a min to a max for BH-MS and NS-MS binaries (clearly, reality is likely to be more complicated due to the effects of kick-velocities during the formation of the compact object, e.g. in a supernova collapse), common-envelope evolution of the massive star, and tidal evolution due to distortion of the main-sequence star). Since a min is set by the Roche-lobe overflow limit, a min = 2R * f
M , the probability for lensing scales as
Note that since a min ∝ R * , the probability is independent of the size of the star! For a population of solar-mass stars orbiting 10 M ⊙ black holes with, say, a max = 10 5 a min and f R = 0.5, the probability of lensing is about 1%. The detected stars will be heavily concentrated toward a min = 9R ⊙ for this choice of parameters, so δµ e ∼ 10 −3 . The total number of non-accreting BH-MS or NS-MS binaries in our galaxy is quite uncertain. Tutukov & Yungelson (2002) estimate that (3 − 6) × 10 4 BH-MS binaries and (1 − 3) × 10 5 NS-MS binaries reside in the Milky way, while Lipunov, Postnov and Prokhorov (1996) estimate ∼ 10 2.8 BH-MS and ∼ 10 4 NS-MS binaries. Given the above assumptions for f R and f M , there exists a total of ∼ 10 2−3.5 NS-MS transiting binaries and ∼ 10 0.6−2.6 BH-MS transiting binaries for our assumed parameters, a formidably small population to find, especially considering that the signal is at a level of 10 −3 − 10 −4 which may be swamped by stellar variability. Space-based transit searches can easily reach this precision over the transit timescale; however, they will monitor only a small fraction of the number of stars required to find BH-MS or NS-MS binaries. Globular clusters may be the best locations to search for these binaries due to the concentration of stars and the large over-representation of accreting BH-MS and NS-MS binaries relative to the rest of the Galaxy; however, the precision and time coverage of current surveys is not sufficient for a detection.
Several microlensing searches are taking place with the goal of finding deviations in the lightcurve induced by planets (Albrow 1995; Bennett and Rhie 1996) . In the case of a terrestrial planet companion of a star lensing a source at the bulge, the Einstein radius is R E = 2.7 × 10 11 cm(M/M ⊕ ) 1/2 (D/4kpc) 1/2 . In the case of a Jupiter-mass planet in a globular cluster lensing a source in the same cluster, the Einstein radius is R E = 4.8 × 10 10 cm(M/M J ) 1/2 (D/1pc) 1/2 (however, the optical depth for such events is negligible). These are somewhat smaller than the size of a red-giant star, which comprise a large fraction of microlensing targets given their bright luminosities. The region of the microlensing lightcurve near the planet can be treated as a Chang-Refsdal lens which means that lensing of a red-giant star by a star-planet system will create fluctuations of the magnitude given by equation (14). This generalizes a result from Gould and Gaucherel (1997) , who computed the amplification of a large source lensed by a point mass with shear, to include limb-darkening and convergence. Gould (1996) has argued for the monitoring of giant stars to look for planets given their brightness, lack of confusion, and large cross section. If such events are found, the limb-darkened lightcurves can be approximated by equation (14).
CONCLUSIONS
We have shown that lensing of a large source adds an area which is approximately constant when the source dimensions are much larger than the Einstein radius, which leads to an accurate approximation for the lensing lightcurve in the small amplification limit, typically δµ < 0.01 for this approximation to be relevant. We have extended this result to include limb-darkening, shear, and convergence. Since many large-area accurate photometric searches are being carried out or planned, it is likely that this formalism will be relevant for planning observations and discovering dark objects via lensing. The most relevant applications are likely to be lensing by white dwarfs in binaries and lensing perturbations by planets during Galactic microlensing events. Using the formalism of this paper we have rederived a result that the fluctuations of a distant source lensed by a random star field at low optical depth varies as the square root of the optical depth times the ratio of the Einstein radius to the source size, first derived by Refsdal and Stabell (1991) .
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